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Cartesian coordinates

René Descartes
(1596-1650)

point (2,2) with

= x-coordinate: 2
= y-coordinate: 2

YA
3 .
2,2) mathematically:
o 2 O A ®
S (2,2)= 2-(1,0)
10.0) q +2-(0,1)
-3 =2 - | 2 3 X . |
1 in general:
2} ¢ (x’y) = x-(1,0)
(1I_2)
-3 +y- (071)

x- and y-coordinates
w.r.t. base points

(1,0) and (0,1)
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i Barycentric coordinates

point (a,b,c) with
3 coordinates w.r.t.

(h0/,0) base points A, B, C
mathematically:
0,1,0)
(A h A~ — A~ A
\U,u,L) = U=
(0.25,0.25,0.5) +b-B
+c-C
where
e A=(1,0,0)
(0.25,£0.25.1)
bt it 0/0,1) B =(0,1,0)
C=(0,0,1)
n
August Ferdinand Moébius and
(1790-1868) a+b+c=1
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I%E%:;a | Barycentric coordinates

system of masses w; at positions v;

position of the system’s barycentre: . — 2i Wili
2 i W

w; are the barycentric coordinates of v

not unique
q nwiq

at least P
d + 1 points

needed to v1
span R¢
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I%E%:z Barycentric coordinates

Theorem [Mobius, 1827] :

The barycentric coordinates wy, ..., w41 of v € R with
respect to v1,...,vq41 are unique up to a common factor

example: d =2

w1v1 + wovp + w3v3
w1 + wo + w3

<

w; = NA(v, v;41,Vi42)
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I%E%:z Computing areas

area of triangle A1 = [v,vo,v3] with vertices

v=1_(2,y), v2=(22,92), vz=(23,93)

wy1 = 2A(v,vp,v3) = det(vy — v,v3 — )

— det (%2~ T T3
Yy —Y Yz — VY

v1

= (22 —z)(y3 —y) — (23 — ) (y2 — ¥y)
similar for the triangles A, = [v,v3,v1] and Az = [v,v1,v5]
wy = 2A(v,v3,v1) = (23 —2)(y1 —¥y) — (21 —2)(y3 — ¥)

w3z = 2A(v,v1,v2) = (21 —x)(y2 —y) — (22 —x)(y1 — ¥)
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Barycentric coordinates for triangles

normalized barycentric coordinates v

w1 (v)

w; (v) U3
bi(v) =
w1 (v) + wa(v) + w3(v)
w3 (v)
HJQ(’U)
properties
partition of unity Subi(v) =1 V1
reproduction > bi(v)v; = v
positivity b;(v) >0, wvE€ A
Lagrange property b;i(vj) = &;;
application
3
linear interpolation of data F'(v) = > b;(v)f;
i=1
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I%E%:: Generalized barycentric coordinates

finite-element-method with polygonal elements
convex [Wachspress 1975] O
weakly convex [Malsch & Dasgupta 2004]

arbitrary [Sukumar & Malsch 2006] @

interpolation of scattered data

natural neighbour interpolants [Sibson 1980] Q
— "— of higher order [Hiyoshi & Sugihara 2000]
Dirichlet tessellations [Farin 1990]
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Ia;z::: Generalized barycentric coordinates

parameterization of piecewise linear surfaces

shape preserving coordinates [Floater 1997]

discrete harmonic (DH) coordinates [Eck et al. 1995]

mean value (MV) coordinates [Floater 20031

11 NN T VI TS LY FVYUuilhl &V ivog

other applications

discrete minimal surfaces  [Pinkall & Polthier 1993] O

colour interpolation [Meyer et al. 2002]

boundary value problems [Belyaev 2006] @
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I%;z;:; Arbitrary polygons

barycentric coordinates wy(v),...,wn(v)

_ n 1wz(v)vz
j:1 wj(v)
normalized coordinates Un,
w;(v)
i(0) = =
=1 wj(v
properties linear precision
partition of unity 2 bi(v) =1
| . = z bi(V)¢(v;) = $(v)
reproduction 1 bi(v)vy; = i=1

forall ¢ € m
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Iéifiw Convex polygons
[Floater, H. & Kos 2006]

Theorem: If all w;(v) > 0, then

positivity bj(v) >0
Lagrange property bi(v;) = d;;
linear along boundary b’i|[vz’,v@-+1] cm

application
n
interpolation of data given at the vertices F(v) =Y bi(v)f;
=
F(v) inside the convex hull of the f; z

direct and efficient evaluation
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Xxamplies

Wachspress (WP) coordinates

coty;—1 + cot j;
W; — >

rq

mean value (MV) coordinates

. — ran(e;—1/2) 4 tan(e;/2)
i = m

discrete harmonic (DH) coordinates

w; = COtB; 1 + coty;
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[Floater, H. & Kos 2006]

Theorem: All barycentric coordinates can be written as

Cit1A4i—1 —¢iB; +ci 14
Aj 1A

Wy; —
with certain real functions ¢;

three-point coordinates

c; = f(r;) with r; = |lv — ]|

Theorem: Such a generating function

Vi1

f Rt >R

exists for all three-point coordinates Vi—1 v;
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Three-point coordinates

Theorem: w;(v) > 0 if and only if f is

positive
monotonic

convex

sub-linear

examples
WP coordinates
MV coordinates

DH coordinates

f(r) >0
fl(r)y>0
f(r) >0

fir)y < f(r)/r

fr) =1
) =r
Fr) =12

13
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I%E%:: | Non-convex polygons

Wachspress mean value discrete harmonic

fr)y=r

poles, if W(v) = > w;(v) =0, because b;(v) =
j=1

w;(v)

W (v)
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I%E%:z Star-shaped polygons

Theorem: W(v) # O if and only if f is

positive f(r) >0

super-linear f'(r) > f(r)/r
examples

MV coordinates f(r)=r

DH coordinates f(r) =r?

Theorem: W(v) = 0 for some v if f is

strictly super-linear  f/'(r) > f(r)/r
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e Mean value coordinates

[H. & Floater 2006]
Theorem: MV coordinates have no poles in R?

W) =Y wj(v) = 3 ki(v) # O

=
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s | Mean value coordinates

properties
well-defined everywhere in R? @ E
Lagrange property bi(vj) = 6;;
linear along boundary bi|[vi,vi_|_1] € m
linear precision Sibi(v)p(v;) = p(v) for ¢ € my
smoothness CO at v;, otherwise C'>®
similarity invariance b; =b; 01 for Q= (Q)
application

n
direct interpolation of data ~ F'(v) = > b;(v) f;
i=1
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s Implementation

Mean Value coordinates

_ tan(ay;—1/2) 4 tan(«;/2)

Wy; —
rq
Sin o riT;41 SIN o
tan(ai/2) _ 1 _ i1 (
1 4+ cosq; TiTi4-1 + ;741 COS &y
det(s;, s;
riri+1 + (i, Si41)
Lty
1 r
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04
05
06
07
08
09
10

| Implementation

function F(v)

forts =1 to n do

S; = U; — U 11 fori=1 to n do
T, .— HSZH 12 t; = Ai/(’mri_H -+ Dz)
if r, =0 then //v=wv; 13 f:=0
return f; 14 W :=0
for: =1 to n do 15 for: =1 to n do
A; = det(si,SH_l) 16 w = (tz’—l -+ ti)/ﬁ;
D; = <Si78i_|_1> 17 f = f —+ ’LUfZ
if A, =0and D;<0then //vece 18 W =W+w
return (rig1fi +rifiv1)/(ri +rig1) 19 return f/W

efficient and robust evaluation of the function F(v)
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s Colour interpolation
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s Vector fields
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s Smooth shading
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Rendering of quadrilateral elements

23 Generalized Barycentric Coordinates - New York - 25 July 2012



Universita
della
Svizzera
italiana

Faculty
of Informatics

Transfinite interpolation

O

mean value coordinates radial basis functions

H K H K
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s Mesh animation
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T Image warping

italiana

original image mask warped image
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MV coordinates in 3D [Ju et al. 2005]

negative inside the domain

positive MV coordinates

only C%-continuous

no closed form

o
MVC PMVC
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